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Abstract

We determine orbit representatives of all proper subplanes generated by
quadrangles of the Veblen-Wedderburn(VW) plane Π of order 112 and the
Hughes plane Σ of order 112 under their full collineation groups. In partic-
ular, there are 13 orbits of Baer subplanes all of which are desarguesian and
approximately 3000 orbits of Fano subplanes in Π. In Σ, there are 8 orbits of
Baer subplanes all of which are desarguesian, 2 orbits of subplanes of order 3
and at most 408, 075 distinct Fano subplanes. This work was motivated by the
well known question: “Does there exist a non-desarguesian projective plane of
prime order p?”. The question remains unsettled.

1 Introduction

A question that is still outstanding in the area of finite geometry is whether all
finite projective planes of prime order are desarguesian. For a prime p < 11 there
is a unique up to isomorphism plane of order p, namely the Pappian plane. Hence
such planes are indeed desarguesian. Thus, it is still of interest to examine whether
there are non-desarguesian planes of order 11. A suggestion by Ascher Wagner in
1985 [2] was to begin with a non-desarguesian plane of order 11k, k > 1, determine
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all subplanes of order 11 up to collineations and check whether one of these is
non-desarguesian.

In 1985 the computational complexity of the problem was certainly high enough
to make the problem rather intractable, even for k = 2. In this paper we determine
all proper subplanes generated by quadrangles of the Veblen-Wedderburn (VW)
plane Π of order 112 and the Hughes plane Σ of order 112 up to collineations,
paying special attention to the Baer subplanes of Π and Σ.

In section 2 we introduce some notation, definitions and preliminaries. In section
3 we discuss how to find all representatives of quadrangles under the full collineation
groups of the planes Π and Σ. We also discuss our methodology for determining
a complete set of orbit representatives of subplanes under the action of the full
collineation groups. In section 4 we discuss the VW ternary ring and define the
resulting plane Π of order 112. We analyze the structure of the full collineation
group and the subplane structure of Π. In Section 5 we show how to construct
Σ. We also analyze the structure of its full collineation group and its subplane
structure.

2 Preliminaries

If X is an ordered set and k ≤ |X| we denote by Xk the collection of all ordered
k-subsets of X, i.e. k-tuples (x1, x2, ..., xk) where xi ∈ X and xi 6= xj when i 6= j.
We denote by

(
X
k

)
the collection of all k-subsets of X. A group action G|X induces

actions G|Xk and G|
(
X
k

)
respectively in the natural way. Let ∆1,∆2, ...,∆r be the

orbits of G|X. Then by an orbit representative δi of ∆i we mean the lexicograph-
ically smallest element of ∆i, 1 ≤ i ≤ r. If x = (x1, x2, ..., xk) ∈ Xk, we denote by
G(x1,x2,...,xk) the pointwise stabilizer in G of x, i.e. G(x1,x2,...,xk) = Gx1 ∩ ... ∩Gxk

.
Further, G{x1,...,xk} denotes the setwise stabilizer of {x1, . . . , xk} in G, i.e. the col-
lection of all elements of G fixing {x1, . . . , xk} as a whole, and O{x1,...,xk} denotes the
orbit of {x1, . . . , xk} under G. For each k, 1 ≤ k ≤ |X|, we denote by A(k) = (ai,j)
the matrix whose rows are the lexicographically minimal, distinct representatives
of the orbits of G|Xk.

We assume the reader is familiar with the basic definitions related to finite pro-
jective planes. Here, we review some definitions which are central to understanding
the paper. If α is a projective plane, we denote by αp, α`, αf , the sets of points,
lines and flags of α respectively. We denote by (l) the set of points incident with
l ∈ α` and by (p) the set of lines incident with p ∈ αp. A subplane β of plane α is a
plane such that βp ⊆ αp, βf ⊆ αf and for each s ∈ β` there exists l ∈ α` such that
(s) ⊆ (l). If x, y ∈ αp and x 6= y, we denote by xy the line in α` incident with x and
y. Symmetrically if x, y ∈ α`, x 6= y, xy denotes the point in αp incident with x
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and y. By a quadrangle of a plane α we mean a set of four points no three of which
are collinear. We denote the collection of all quadrangles of a plane α by Qα.

If α is a plane and S ⊆ αp, the closure S of S is defined recursively as follows:
i) determine the set L of lines through all pairs of points of S, ii) determine the
set Ŝ of intersection points of the lines in L, if S 6= Ŝ replace S by Ŝ and go to i)
otherwise set S = (Ŝ, L). If S is a quadrangle, S is the smallest subplane β of α
such that S ⊆ βp. We denote by Sp the point set of the closure S.

Let α be a plane of order n and β be a proper subplane of α of order m. Then
a well-known theorem by Bruck states either m2 = n or m2 + m ≤ n. A Baer
subplane is a subplane β of α such that every point in α lies on a line of β and
every line of α meets β in at least one point. If α is a plane of order n and β a
subplane of α of order m then, β is a proper Baer subplane if and only if n = m2.

A collineation of a projective plane α of order n is a permutation of its points
which maps lines onto lines [4]. The set of all collineations of α forms a group under
composition, called the full collineation group Gα of α.

3 Closures of Quadrangles and their Orbits

Let α be a finite projective plane of order n and G = Gα. For k ≥ 1, the following
proposition describes a method of finding all distinct G-orbit representatives of
ordered (k+1)-subsets of αp. We assume αp = X = {1, 2, ..., n2 +n+1} throughout
this section.

Proposition 3.1 The matrix A(k+1) is constructed from A(k) as follows: i) Ini-
tially set A(k+1) to be the empty matrix with 0 rows and k + 1 columns; ii) For
each row (ai,1, ..., ai,k) of A(k) let ∆i,1,∆i,2, ...,∆i,r be the orbits of G(ai,1,...,ai,k) on
X − {ai,1, ..., ai,k}; iii) For each j ∈ {1, ..., r} select the lexicographically smallest
representative δi,j ∈ ∆i,j and adjoin the (k + 1)− tuple (ai,1, ..., ai,k, δi,j) as a new
row to A(k+1). When operation ii) is completed for all rows of A(k), the rows of
the resulting matrix are put in ascending lexicographic order and any duplicates are
deleted. The final A(k+1) will contain all distinct representatives of the orbits of G
on Xk+1.

Proof: Suppose that A(k) = (ai,j), as defined above, is an m × k matrix and
(b1, ..., bk, bk+1) is any ordered (k + 1)-subset of X. Since A(k) contains all distinct
G-orbit representatives of ordered k-subsets of X, there exists g ∈ G such that for
some i ∈ {1, ...,m}, (b1, ..., bk)g = (ai,1, ..., ai,k), a particular row of A(k). There-
fore (b1, ..., bk, bk+1)g = (ai,1, ..., ai,k, c), c ∈ X, and since bk+1 6= bs for s < k + 1,
c = bgk+1 6= ai,s, for s < k + 1. Then c ∈ ∆i,j , for some j, where ∆i,j is one of the

3



orbits of G(ai,1,...,ai,k) on X−{ai,1, ..., ai,k}. Let δi,j be the lexicographically smallest
element of ∆i,j . Then there exists h ∈ G(ai,1,...,ai,k) such that ((b1, ..., bk, bk+1)g)h

= (ai,1, ..., ai,k, c)h = (ai,1, ..., ai,k, δi,j).
Now suppose that for i 6= j, and that (ai,1, ..., ai,k, ai,k+1), (aj,1, ..., aj,k, aj,k+1)

are in the same G-orbit of Xk+1. Then there is g ∈ G such that (ai,1, ..., ai,k, ai,k+1)g

= (aj,1, ..., aj,k, aj,k+1). This implies that (ai,1, ..., ai,k)g = (aj,1, ..., aj,k), that is,
i = j and therefore g ∈ G(ai,1,...,ai,k). Moreover, agi,k+1 = aj,k+1. Therefore ai,k+1

and aj,k+1 are in the same orbit of X − {ai,1, ..., ai,k} under G(ai,1,...,ai,k). But in
constructing A(k+1) we selected a single (minimal) element from each G(ai,1,...,ai,k)-
orbit on X − {ai,1, ..., ai,k}, therefore ai,k+1 = aj,k+1.

Recall that if (ai,1, ..., ai,k) is a row of A(4), then ai,1 < ai,2 < ... < ai,k.

Definition 3.1 Let B(k+1) be a matrix defined from A(k) as follows: Initially set
B(k+1) to be an empty matrix with 0 rows and k + 1 columns. For each row
(ai,1, ..., ai,k) of A(k), adjoin exactly |X| − ai,k rows to B(k+1), namely the vectors
(ai,1, ..., ai,k, j) for all j such that ai,k < j ≤ |X|.

The following corollary follows from the Proposition 3.1 since representatives of
G(ai,1,...,ai,k) on Y = X − {ai,1, ..., ai,k} are among the elements of Y .

Corollary 3.1 B(k+1) contains all representatives of the orbits of G on Xk+1.

Computation of the A(k) for 1 ≤ k ≤ 3 is both time and space efficient. However,
computing A(4) is already becoming inefficient in terms of time because for each row
(ai,1, ..., ai,4) of A(4), we compute stabilizer Hi = G(ai,1,...,ai,4) as well as the orbits
of Hi on Yi = X − {ai,1, ..., ai,4}. We decided to reduce the time complexity of our
computation and use B(4) rather than A(4). Interestingly this not only reduced the
time complexity but also the space complexity as the rows of B(4) are generated
and used without storing B(4). We pay a price for this strategy in that many more
closures of quadrangles are computed than if we had computed and stored A(4).

Define Dk = {Sp | S is a row of B(4), S ∈ Qα, |Sp| = k}. Note that closures
of two rows of B(4) may result in the same point-set of a subplane of α, but Dk

contains the point-sets of distinct subplanes of α. For each k, we compute the orbit
representatives repsk of the point-sets of planes in Dk (See Figure 1 below).

Suppose that α is a plane of order 112. If S is a quadrangle in α and Sp = βp,
where βp is the point set of a proper subplane of α, then |Sp| ∈ {7, 13, 21, 31, 57, 73, 91,
133} by Bruck’s theorem. Note that we only get those subplanes of α which are gen-
erated by quadrangles. We give the following propositions without proofs. These
are important to determine the complete set of subplanes of α.
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repsk ← ∅
repeat
V←Random member of Dk

Dk ← Dk −OV
repsk ← repsk ∪ {V }

until Dk = ∅

Figure 1: Finding the orbit representatives of the point-sets of planes in Dk.

Proposition 3.2 The projective plane α of order 4 splits into three disjoint Fano
subplanes. Furthermore, Gα is transitive on quadrangles and any quadrangle in α
generates a Fano subplane.

Proposition 3.3 Let α be the projective plane of order 8. Then Gα is transitive
on quadrangles and any quadrangle generates a Fano subplane.

Proposition 3.4 The desarguesian projective plane α of order 9 splits into seven
disjoint subplanes of order 3. Furthermore, Gα is transitive on quadrangles and any
quadrangle in α generates a subplane of order 3.

Proposition 3.5 In a non-desarguesian projective plane of order 9 there exists a
quadrangle which generates the whole plane.

4 The plane Π

Planar ternary rings (PTR’s) are structures critically important in the construction
of projective planes. For a definition of a PTR see [3]. O. Veblen and J. Weddeburn
have defined a particular planar ternary ring (R, T ), which we will call the VW
ternary ring. This ternary ring is defined as follows: Let F be a finite field of order
p2, p a prime, and let R be the set of elements of F. Define T : R3 → R as follows:
T (a, b, c) = ab + c if b is a square in F, and T (a, b, c) = apb + c if b is not a square
in F.

The VW ternary ring gives rise to a non-desarguesian projective plane Π of
order p2, with points Πp, lines Π` and incidence I ⊂ Πp ×Π` as follows:

(i) Πp = {(x, y) : x, y ∈ R} ∪ {(x) : x ∈ R} ∪ {(∞)},

(ii) Π` = {[a, b] : a, b ∈ R} ∪ {[a] : a ∈ R} ∪ {[∞]},

(iii) For all a, b, x, y ∈ R, (x, y) I [a, b] if and only if T (a, x, y) = b,

(iv) (x, y) I [a], (x) I [a, b] if and only if x = a,
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(v) (x) I [∞], (∞) I [a], (∞) I [∞],

(vi) (x, y) 6 I [∞], (x) 6 I [a], (∞) 6 I [a, b].

In this study we use the VW ternary ring of order 112 to construct the non-
desarguesian projective plane Π of order 112. The plane Π has 14763 points and
14763 lines. We denote by GΠ the full collineation group of Π.

We have that |GΠ| = 843, 321, 600 = 28 32 52 114, and GΠ is not transitive
on points and lines. There are three orbits on points, namely Θ1, Θ2 and Θ3, of
lengths 1, 242 and 14520 and three orbits on lines, namely Γ1, Γ2 and Γ3, of lengths
2, 120 and 14641, respectively. In our representation, Γ1 = {l1, l2}, Γ2 = (∞) \ Γ1,
Γ3 = Π` \ (∞), where (l1) = {1, ..., 121, 14763}, (l2) = {14642, ..., 14762, 14763},
and ∞ = l1l2 = 14763. Moreover, Θ1 = {∞}, Θ2 = ((l1) ∪ (l2)) \ {∞} and
Θ3 = Πp \ ((l1)∪ (l2)). The actions GΠ | Θ2 and GΠ | Θ3 are faithful and Π can be
completely recovered from GΠ | Θ2.

GΠ

H ′HH
K K ′

11Syl 11Syl ′

C ′

.m

y′
.b′.a′.y

.a .b

6 0C
60C

.u
. x′

.yy
.x

Figure 2: The full collineation group GΠ

In Figure 2, K is a subgroup of GΠ, where |K| = 14520, and has the following
presentation:

K = 〈x, y, a, b | x60, a11, b11, aba−1b−1, y2x30, y−1xyx49, x−1axb−1a3, y−1ayb2a−1,
x−1bxba6, y−1byba−1〉.

In addition, K is normal in H < GΠ since [H : K] = 2, and there exists m of
order 2 such that

H = 〈x, y, a, b,m |m2, x60, a11, b11, aba−1b−1, y2x30, y−1xyx49, x−1axb9, y−1ayb9a2,
x−1bxba2, y−1byb9a8,mamba6,mbmb5a9,mxmx49,mymy−1x45〉.
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The generators of the subgroup H, namely x, y, a, b and m, are represented
as permutations on the subset {1, ..., 121}. Furthermore, there is an involution
u ∈ GΠ\H such that for H ′ = u−1Hu, H∩H ′ = 〈m〉 and GΠ = 〈H,u〉 = 〈H,H ′, u〉.
See the appendix for the generators of GΠ.

Our computation shows that, for Π, A(1) is a 3×1 matrix, A(2) is a 29×2 matrix,
A(3) is a 4895 × 3 matrix and B(4) is a 37405758 × 4 matrix. In the computation
of A(k), 1 ≤ k ≤ 4, we use the permutation group GΠ represented on the set
{1, ..., 14763}, hence A(k), 1 ≤ k ≤ 4, given below are matrices (ai,j), where ai,j ∈
{1, ..., 14763}.

A(1) =

 1

122

14763


3×1

, A(2) =



1 2

1 122

1 14642

1 14763

122 123

122 243

122 364

122 606

122 848

122 1211

122 1332

122 1453

122 1574

122 1695

122 1816

122 1937

122 2058

122 2179

122 2663

122 2784

122 3026

122 3631

122 3873

122 4115

122 4478

122 4841

122 5204

122 5325

122 14763


29×2

,
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A(3) =



1 2 3

1 2 4

. . .

. . .

. . .
122 5325 14038

122 5325 14763


4895×3

, B(4) =



1 2 3 4

. . . .

. . . .

. . . .
1 2 3 14763

. . . .

. . . .

. . . .
122 5325 14038 14039

. . . .

. . . .

. . . .
122 5325 14038 14763


37,405,758×4

Proposition 4.1 In Π, there are no subplanes of order 3, 5, 7 or 9. Determi-
nation of all proper subplanes generated by quadrangles yields 974 distinct Baer
subplanes and 362, 380 distinct Fano subplanes.

Proposition 4.2 In Π, there are exactly 13 orbits of Baer subplanes (generated
by quadrangles) and approximately 3000 orbits of Fano subplanes under the full
collineation group GΠ of Π.

5 The plane Σ

We construct Σ as follows:

(i) Let K be a finite field of order 112 and F be the base field of order 11 in K.

(ii) Define V = {(x1, x2, x3) | xi ∈ K, i = 1, 2, 3} with usual addition and left
scalar multiplication.

(iii) Σp is the set of all elements of V , except (0, 0, 0), with identity (x1, x2, x3) =
k(x1, x2, x3), k ∈ K, k 6= 0.

(iv) For t ∈ K\F or t = 1, define L(t) = {(x1, x2, x3) | (x1, x2, x3) ∈ V, (x1, x2, x3) ·
(1, t, 1) = 0}, where |L(t)| = 112 + 1.

(v) Find M ∈ GL3(11) of order 112 + 11 + 1.
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(vi) Then Σ` = {Mmxtr | x ∈ L(t)}, 0 ≤ m ≤ 112 + 11.

The resulting plane Σ with Σp and Σ` is a non-desarguesian plane of order 112.
The plane Σ has 14763 points and 14763 lines. For further information about the
Hughes planes see [3].

We denote by GΣ the full collineation group of Σ. We have that |GΣ| =
424, 855, 200 = 25 31 52 113 191, and GΣ is not transitive on points and lines.
There are two orbits on points and on lines with lengths 133 and 14630. GΣ has a
faithful representation on the point orbit of size 14630 and the point orbit of size
133 gives rise to a Baer subplane of order 11 in the configuration of the plane Σ.

GΣ

H ′HH

11Syl 11Syl ′

C ′

.m

y′
.b′.a′.y

.a .b

1 2 0C
120C

.u
. x′

.yy
.x

Figure 3: The full collineation group GΣ

In Figure 3, H is a subgroup of GΣ, where |H| = 29040, and has the following
presentation:

H = 〈x, y, a, b|y2, x120, a11, b11, y−1xyx109, aba−1b−1, x−1axb−1a−1, y−1aya−1,
x−1bxb2a9, y−1byba3〉.

Furthermore, there is an involution u ∈ GΣ \ H such that for H ′ = u−1Hu,
H ∩H ′ = 〈m〉 and GΣ = 〈H,u〉 = 〈H,H ′, u〉.

For Σ, our computation determines that A(1) is a 2 × 1 matrix, A(2) is a 16 ×
2 matrix, A(3) is a 8277 × 3 matrix and B(4) is a 79762036 × 4 matrix. In the
computation of A(k), 1 ≤ k ≤ 4, we use the permutation group GΣ represented on
the set {1, ..., 14763},hence A(k), 1 ≤ k ≤ 4, given below are matrices (ai,j), where
ai,j ∈ {1, ..., 14763}.
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A(1) =
(

1

12

)
2×1

, A(2) =



1 2

1 12

1 133

12 13

12 14

12 15

12 16

12 23

12 25

12 26

12 28

12 37

12 80

12 121

12 122

12 133


16×2

,

A(3) =



1 2 3

1 2 12

. . .

. . .

. . .
122 133 14757

12 133 14763


8277×3

, B(4) =



1 2 3 4

. . . .

. . . .

. . . .
1 2 3 14763

. . . .

. . . .

. . . .
122 133 14757 14758

. . . .

. . . .

. . . .
122 133 14757 14763


79,762,036×4

Proposition 5.1 In Σ, there are no subplanes of order 5 or 7, and no non-
desarguesian planes of order 9. Determination of all proper subplanes generated
by quadrangles yields 349 distinct Baer subplanes, 104 distinct subplanes of order 3
and 408, 075 distinct Fano subplanes.
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Proposition 5.2 In Σ, there are exactly 8 orbits of Baer subplanes (generated by
quadrangles), and exactly 2 orbits of subplanes of order 3.

6 Conclusion

“Does there exist a non-desarguesian projective plane of prime order p?”. This is
an essential question in the area of projective planes. In 1985, Ascher Wagner [2]
suggested that one could start with a non-desarguesian plane of order 11k, k > 1,
determine all subplanes of order 11 up to collineations and check whether one of
these is non-desarguesian. In our study we determine all proper subplanes (gener-
ated by quadrangles) of Π and Σ. Particularly, Π contains only Fano subplanes and
desarguesian Baer subplanes as proper subplanes generated by quadrangles. Sub-
planes of order 4 or 8 may still exist, since these projective planes are not generated
by quadrangles. In Σ, the proper subplanes generated by quadrangles are Fano
subplanes, subplanes of order 3 and desarguesian Baer subplanes. The existence
of subplanes of order 3 is interesting, although not totally surprising in view of L.
Puccio and M.J. Resmini’s discovery of subplanes of order 3 in the Hughes plane
of order 25 [1]. There may exist subplanes of order 4 or 8, and desarguesian planes
of order 9 as proper subplanes in Σ. Although we now feel it is very unlikely, a
non-desarguesian subplane of order 11 may still exist in Π or Σ as such planes are
not necessarily generated by quadrangles.

References

[1] L. Puccio and M.J. de Resmini, Subplanes of the Hughes plane of order 25,
Arch. Math. Vol.49 (1987) 151-165.

[2] Personal Communication to S.S. Magliveras.

[3] Daniel R. Hughes and Fred C. Piper, Projective Planes, Springer-Verlag New
York Inc., 1973.

[4] P. Dembowski, Finite Geometries, Springer-Verlag New York Inc., 1968.

11



Appendix

Generators of the collineation group GΠ:

x :
(2, 84, 80, 12, 70, 26, 3, 35, 38, 23, 18, 51, 5, 69, 75, 45, 24, 90, 9, 16, 17, 89, 47, 58, 6, 31, 33, 56, 93, 115,
11, 50, 54, 111, 64, 108, 10, 99, 96, 100, 116, 83, 8, 65, 59, 78, 110, 44, 4, 118, 117, 34, 87, 76, 7, 103, 101,
67, 41, 19)(13, 32, 105, 14, 104, 63, 25, 52, 88, 27, 86, 114, 49, 92, 43, 53, 39, 106, 97, 62, 74, 94, 77, 79, 61,
112, 15, 66, 21, 36, 121, 102, 29, 120, 30, 71, 109, 82, 46, 107, 48, 20, 85, 42, 91, 81, 95, 28, 37, 72, 60, 40,
57, 55, 73, 22, 119, 68, 113, 98)

y :
(2, 22, 11, 112)(3, 32, 10, 102)(4, 42, 9, 92)(5, 52, 8, 82)(6, 62, 7, 72)(12, 21, 111, 113)
(13, 31, 121, 103)(14, 41, 120, 93)(15, 51, 119, 83)(16, 61, 118, 73)(17, 71, 117, 63)(18, 81, 116, 53)
(19, 91, 115, 43)(20, 101, 114, 33)(23, 30, 100, 104)(24, 40, 110, 94)(25, 50, 109, 84)(26, 60, 108, 74)
(27, 70, 107, 64)(28, 80, 106, 54)(29, 90, 105, 44)(34, 39, 89, 95)(35, 49, 99, 85)(36, 59, 98, 75)
(37, 69, 97, 65)(38, 79, 96, 55)(45, 48, 78, 86)(46, 58, 88, 76)(47, 68, 87, 66)(56, 57, 67, 77)

a :
(1, 21, 30, 39, 48, 57, 77, 86, 95, 104, 113)(2, 22, 31, 40, 49, 58, 67, 87, 96, 105, 114)
(3, 12, 32, 41, 50, 59, 68, 88, 97, 106, 115)(4, 13, 33, 42, 51, 60, 69, 78, 98, 107, 116)
(5, 14, 23, 43, 52, 61, 70, 79, 99, 108, 117)(6, 15, 24, 44, 53, 62, 71, 80, 89, 109, 118)
(7, 16, 25, 34, 54, 63, 72, 81, 90, 110, 119)(8, 17, 26, 35, 55, 64, 73, 82, 91, 100, 120)
(9, 18, 27, 36, 45, 65, 74, 83, 92, 101, 121)(10, 19, 28, 37, 46, 66, 75, 84, 93, 102, 111)
(11, 20, 29, 38, 47, 56, 76, 85, 94, 103, 112)

b :
(1, 5, 9, 2, 6, 10, 3, 7, 11, 4, 8)(12, 16, 20, 13, 17, 21, 14, 18, 22, 15, 19)(23, 27, 31, 24,
28, 32, 25, 29, 33, 26, 30)(34, 38, 42, 35, 39, 43, 36, 40, 44, 37, 41)(45, 49, 53, 46, 50, 54,
47, 51, 55, 48, 52)(56, 60, 64, 57, 61, 65, 58, 62, 66, 59, 63)(67, 71, 75, 68, 72, 76, 69, 73,
77, 70, 74)(78, 82, 86, 79, 83, 87, 80, 84, 88, 81, 85)(89, 93, 97, 90, 94, 98, 91, 95, 99, 92,
96)(100, 104, 108, 101, 105, 109, 102, 106, 110, 103, 107)(111, 115, 119, 112, 116, 120, 113, 117,
121, 114, 118)

m :
(12, 111)(13, 112)(14, 113)(15, 114)(16, 115)(17, 116)(18, 117)(19, 118)(20, 119)(21, 120)(22, 121)
(23, 100)(24, 101)(25, 102)(26, 103)(27, 104)(28, 105)(29, 106)(30, 107)(31, 108)(32, 109)(33, 110)
(34, 89)(35, 90)(36, 91)(37, 92)(38, 93)(39, 94)(40, 95)(41, 96)(42, 97)(43, 98)(44, 99)(45, 78)(46, 79)
(47, 80)(48, 81)(49, 82)(50, 83)(51, 84)(52, 85)(53, 86)(54, 87)(55, 88)(56, 67)(57, 68)(58, 69)(59, 70)
(60, 71)(61, 72)(62, 73)(63, 74)(64, 75)(65, 76)(66, 77)

u :
∏121

v=1 (v, v + 121).
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